Weak vector boson scattering (VBS) is a sensitive probe of new physics effects in the electroweak symmetry breaking. Currently, experimental results at the LHC are interpreted in the effective field theory approach, where possible deviations from the Standard Model in the quartic-gauge-boson couplings are often described by 18 dimension-8 operators. By assuming that a UV completion exists, we derive a new set of theoretical constraints on the coefficients of these operators, i.e. certain combinations of coefficients must be positive. These constraints imply that the current effective approach to VBS has a large redundancy: only ∼ 3% of the full parameter space leads to a UV completion. By excluding the remaining unphysical region of the parameter space, these constraints provide guidance for future VBS studies and measurements.
Introduction.-After the discovery of the Higgs boson [1, 2] , the focus of particle physics has turned to the mechanism of electroweak symmetry breaking and beyond. At the Large Hadron Collider (LHC), vector boson scattering (VBS) is among the processes most sensitive to the electroweak and the Higgs sectors. In the Standard Model (SM), Feynman amplitudes for longitudinally polarized weak bosons individually grow with energy, but cancellations among diagrams involving quartic gauge boson couplings (QGC), trilinear gauge boson couplings (TGC), and Higgs exchange occur, and lead to a total amplitude that does not grow at large energies. If modifications from physics beyond the Standard Model (BSM) exist, they are likely to spoil these cancellations and lead to sizable cross section increases.
VBS processes at the LHC can be embedded in partonic processes→ V V qq, where q is a light quark. Both ATLAS and CMS experiments have extensively studied this kind of signatures, and the effort will continue with future runs of LHC. Absent clear hints for BSM theories, these studies are based on a bottom-up effective field theory (EFT) approach-the SMEFT [3] [4] [5] . In this approach, deviations in QGC from the SM predictions are captured by 18 dimension-8 effective operators. Measurements at the LHC have been conveniently interpreted as constraints on these operator coefficients, which in turn can be matched to a variety of BSM theories.
However, not every bottom-up EFT can have an ultraviolet (UV) completion. Recently, a novel approach has been developed to set theoretical bounds on the Wilson coefficients of a generic EFT that can be UV completed. Going under the name of positivity bounds, this approach only requires a minimum set of assumptions, which are nothing but the cherished fundamental principles of quantum field theory such as unitarity, Lorentz invariance, locality, and causality/analyticity of scattering amplitudes. Using the dispersion relation of the amplitude and the optical theorem, Ref. [6] established a positivity bound in the forward scattering limit of 2-to-2 scattering. The bound can be computed completely within the low energy EFT and implies that a certain combination of Wilson coefficients must be positive. Moreover, thanks to the properties of the Legendre polynomials, an infinite series of non-forward t derivative positivity bounds are derived (t being the Mandelstam variable) [7, 8] . These positivity bounds have been used to fruitfully constrain various gravity and particle physics theories (see, e.g., [9] [10] [11] [12] [13] [14] [15] [16] [17] ).
In this work, we apply this approach to the SMEFT formalism for VBS processes, and derive a whole new set of theoretical constraints on the VBS operators. While no bounds can be derived at O(Λ −2 ), we show that at O(Λ −4 ) certain sums of a linear combination of the dimension-8 QGC coefficients and a quadratic form of the dimension-6 coefficients must be positive. Because the latter is always negative-definite, a number of positivity constraints can be inferred solely on QGC operators.
These constraints have several features. First, based only on the most fundamental principles of quantum field theory, they are general and model-independent. In addition, they have strong impacts: the currently allowed parameter space spanned by 18 dimension-8 coefficients will be drastically reduced, by almost two orders of magnitude in volume. Finally, unlike the unitarity bounds of the SMEFT which eventually become irrelevant as the experimental precision improves in the future, these constraints persist and continue to be relevant. By revealing the physically viable region in the 18-dimensional QGC parameter space, these constraints provide important guidance for future VBS studies.
Effective operators.-Before deriving the positivity constraints, let us briefly describe the model-independent SMEFT approach to VBS processes. The approach is based on the following expansion of the Lagrangian
where Λ is the typical scale of new physics. f (d) are the dimensionless coefficients of the dimension-d effective operators. If the underlying theory is known and weakly coupled, they can be determined by a matching calculation. It can be shown that only even-dimensional operators conserve both baryon and lepton numbers [18] , so we focus on dimension-6 and dimension-8 operators.
VBS processes can be affected by dimension-6 operators that introduce modifications to TGC, QGC, and Higgs couplings. However, the genuine feature of VBS processes is that they probe BSM effects that manifest as anomalous QGC couplings in the lower energy theory. If anomalous TGC and/or Higgs couplings are present, we expect to first probe them elsewhere, e.g., in diboson production, vector boson fusion, or Higgs production and decay measurements. To describe the pure anomalous QGC effects, 18 dimension-8 operators need to be incorporated. Conventionally, they are divided into three categories: S-type operators involve only covariant derivatives of the Higgs, M-type operators include a mix of field strengths and covariant derivatives of the Higgs, and Ttype operators include only field strengths [19] [20] [21] . We use the convention of [20] that has become standard in this community. The definition of these operators can be found in Eqs. (13)-(31) of [20] (O M,6 is redundant [22] ), and we also list them in the Appendix. The 18 operator coefficients are denoted as
A summary of existing experimental constraints on these coefficients can be found in [23] . See also Ref. [24] for a review of QGC measurements at the LHC and their interpretation in the SMEFT.
Positivity bounds.-The simplest positivity bound for particles with spin can be obtained by considering a crossing-symmetric, elastic scattering amplitude in the forward limit, A(s, t = 0), where the polarizations of the external states must be real. Thanks to the dispersion relations, optical theorem and Froissart-Martin bound [25, 26] , it can be shown that the second derivative of A(s, t = 0) w.r.t. s is positive, after subtracting contributions from the low energy poles. A quick and selfcontained review for the case of equal mass particles can be found in [10] . In the SMEFT, however, particles have a range of different masses, which means in the s complex plane of the full amplitude the real axis has many different singularities and is fully covered by branch cuts, thus incompatible with the Schwarz reflection principle and entailing a refinement of the proof.
In the standard case of weakly coupled UV completion, like the Higgs mechanism, the loop expansion can be ordered by the coupling constants and the amplitude is well approximated by the tree level contribution A tr even at high energies. The tree amplitude is free of branch cuts and already satisfies the Froissart-Martin bound, which means that the tree amplitude grows slower than s 2 in the UV. Thus one can derive a dispersion relation for A tr :
where
, m 1 and m 2 being the masses of the interacting particles, and Λ th ( M ) is the mass scale of the lightest state lying beyond the SMEFT. C is a contour that encircles all the poles in the low energy and, by analyticity of the s complex plane, can be deformed to run around the s > Λ 
, and σ t is the total cross section. Therefore we infer that
th . Due to analyticity of the amplitude in complex s plane, f tr (s p ) can be calculated within the SMEFT as the second derivative of the effective amplitude A(s, t = 0) with the poles subtracted, and therefore its positivity can be used to impose constraints on the Wilson coefficients.
For a generic UV completion, since the amplitude in the low energy (i.e. energies below Λ with small < 1 and Λ > ∼ M + ) is calculable to a desired order within the SMEFT, one may define a new amplitude with the contribution from the loops in the low energy subtracted: A Λ = A − A eft,loops , where A eft,loops approaches the loop contribution to A below Λ and quickly asymptotes to zero at large s [33]. Since A Λ is free of branch cuts at low energies, one can analogously obtain a dispersion relation for the amplitude A Λ : (5) which is positive for −( Λ) 2 < s p < ( Λ) 2 . We have again used the optical theorem ImA
. Also, assuming perturbativity of the SMEFT, the contributions from the loops are negligible compared to the tree level amplitude, so when calculating f Λ (s p ) at low energies, A Λ (s, 0) can be simply replaced by A(s, 0) to leading order.
Note that we have assumed that the SMEFT is 1) perturbative, and 2) valid up to around Λ > ∼ M + , i.e. the weak scale. These are of course only very basic requirements for the SMEFT to make sense, and are always implicitly assumed in experimental analyses. However, one should keep in mind that these positivity bounds are accurate up to corrections of relative sizes O(v 2 /Λ 2 ) and O(α/π). In case certain coefficients are accidentally suppressed, one may need to check whether the corrections from dimension-10 operators or loop-contributions affect the resulting constraints. For this reason, even though the approach requires f Λ (s p ) > 0 strictly, in practice the bounds of the leading contribution can still be zero. In the rest of the paper we will always include equality in the constraint equations.
For non-crossing symmetric amplitudes, it is convenient to make use of the transversity polarizations, in which the direction transverse to the interaction plane is chosen as the spin quantization axis and the crossing relations are (semi-)diagonalized [27] . This allows for a generalization of the positivity bound away from the forward limit with t and s derivatives; see [7, 8] for the details of the non-forward derivative positivity bounds.
Applications.-Let us first focus on dimension-8 operators. Applying this approach to the scattering amplitudes of VBS in the forward limit yields a set of positivity constraints on QGC coefficients. As an example, we present here the constraint from ZZ → ZZ scattering:
where t W ≡ tan θ W is the tangent of the weak angle.
We have rewritten the coefficients as F S,i ≡ f S,i , F M,i ≡ e 2 f M,i , and F T,i ≡ e 4 f T,i . a i and b i parametrize the polarization vectors of the two Z bosons respectively:
Eq. (6) must hold for all real values of a i and b i . Other VBS processes yield similar but independent constraints. The full set of results are given in the Appendix. Interestingly, including dimension-6 operators does not change our conclusion. If one follows the same approach and considers dimension-6 contributions, it turns out that nontrivial constraints on them can be obtained only at the (f (6) /Λ 2 ) 2 level, i.e. from diagrams involving two insertions of operators. They always take the following fS,0 fS,1 fS,2 fM,0 fM,1 fM,2 fM,3 fM,4 fM,5
fM,7 fT,0 fT,1 fT,2 fT,5 fT,6 fT,7 fT,8 fT,9 + + + + X + X + + form:
i.e. the sum of a set of complete square terms need to be negative. We have checked this for all relevant dimension-6 operators that directly contribute to all VBS channels. Furthermore, using the transversity formalism does not change this conclusion. Of course, these conditions cannot be satisfied with dimension-6 operators alone. Instead, it tells us that at O(Λ −4 ) the dimension-8 contribution has to come in, with a positive value large enough to flip the sign of the dimension-6 contribution. Therefore, the presence of dimension-6 contributions will only make the dimension-8 positivity constraints stronger.
It is worth mentioning that these constraints are different from bounds derived from partial-wave unitarity [28, 29] , in that they require unitarity of the UV theory, not the low energy effective theory, and additionally require other fundamental principles such as analyticity of the amplitude. In VBS, partial-wave unitarity leads to bounds on f (6) /Λ 2 or f (8) /Λ 4 and always involves a scale. In contrast, the positivity bounds are on the dimensionless coefficients and do not involve any scale, and so they are always relevant regardless of the scale reach of the corresponding measurements. Therefore we expect these constraints to play an important role in VBS measurements even in the far future.
Physics implication.-We now describe the physics implications of our positivity constraints on VBS processes.
First, let us turn on one operator at a time. Most experimental results are presented as limits on individual operators, assuming all others vanish. As shown in [23], these limits are symmetric or nearly symmetric. In Table I we list our positivity constraints on individual operators. We can see that, while f M,2 and f M,4 are free of such constraints, all other coefficients are bounded at least from one side. This implies that half of the experimentally allowed regions do not lead to a UV completion. In addition, f M,0 , f M,5 , f T,5 and f T,7 cannot individually take any nonzero values. f M,0 is forbidden because the same-sign and opposite-sign W W scattering amplitudes give inconsistent constraints, while f M,5 is forbidden because W W and W Z scattering amplitudes give inconsistent constraints. Similar situations occur for f T,5 and f T, 7 . This implies that no UV theory could generate any of the four coefficients alone. In fact, making use of the transversity formalism, one can also show that f M,4 vanishes to leading order. We will show that these conditions can be relaxed once other coefficients are allowed to take nonzero values. However, the one-operatorat-a-time scenario already illustrates that the positivity constraints have drastic impacts on the presentation and interpretation of experimental results. Now let us turn on two operators simultaneously. Twooperator constraints have been presented by CMS on coefficients f S,0 and f S,1 , and by ATLAS on α 4 and α 5 . The latter parameters are defined in the nonlinear formulation, but the conversion to the linear case is straightforward [32] . In Figures 1 and 2 , we overlay our corresponding positivity constraints on top of the two-dimensional contour plots obtained by both experiments. We can see that most of the currently allowed areas are excluded. In other words, only a very small fraction of the allowed parameter space could lead to a UV completion. We are not aware of any constraints assuming three operators are present simultaneously. Nevertheless, for illustration, in Figure 3 we present our constraints on three coefficients, f M,0 , f M,1 , and f M,5 . We can see that the allowed region has the shape of a pyramid. Manifestly, f M,0 and f M,5 cannot take nonzero values alone, but this is relaxed once f M,1 takes a negative value. This is consistent with our previous observation.
Finally, a model-independent SMEFT should always take into account all operators. An interesting question to ask in this case is the following. Suppose future experiments at the LHC and even future colliders will collect sufficient data to derive the global constraints on 18 operators. How large is the impact of the positivity constraints?
To simplify the problem, assume that all 18 operators are constrained in the interval −δ < f i < δ without any correlations. The allowed region in the 18-dimensional parameter space will be approximately a 18-ball with radius δ. The fraction of its volume that satisfies all positivity constraints is independent of δ. Using a Monte Carlo integration, we find that this fraction is ∼ 3%. In practice, this specific number will depend on the relative precision achieved on each operator, but we do not expect changes of order of magnitude. Therefore we conclude that our positivity constraints reduce the allowed parameter space by almost two orders of magnitude. This conclusion is independent of the precision level that can be reached by the experiments.
Summary .-VBS processes at the LHC and future colliders are among the most important measurements that probe the mechanism of electroweak symmetry breaking. We have derived a new set of constraints on the 18 QGC coefficients in the SMEFT approach to VBS processes, by requring that the EFT has a UV completion. These constraints show that the current SMEFT formalism for the VBS processes have a huge redundancy: ∼ 97% of the entire parameter space spanned by 18 coefficients are unphysical and do not lead to a UV completion.
This observation provides guidance to future VBS studies. Theoretical studies, in particular those which employ a bottom-up approach, are advised to keep the positivity constraints satisfied and avoid choosing unphysical benchmark parameters. Experimental strategies can be further optimized towards the remaining 3% of the QGC parameter space. According to the positivity constraints, most existing limits that are symmetric can really be presented as one-sided limits; also, individual limits on f M,0 , f M,5 , f T,5 and f T,7 do not have a clear physical meaning. It is worthwhile for future VBS measurements to take into account the positivity constraints, as they significantly modify the prior probability densities of the QGC coefficients by excluding unphysical values, and therefore could also affect the resulting limits. 
θ W being the weak angle and we have defined A ≡ a 
The above constraints must hold for arbitrary real values of a i and b i .
